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STEADY STATE NUMERICAL SOLUTION
OF MAGNETICALLY INSULATED CHARGE FLOW IN
COAXIAL GEOMETRY

I. INTRODUCTION

Impressive results have been achieved experimentally with the production of intense proton fluxes
in radial diodes.* The high ion production efficiencies of these devices make them attractive candidates
for use as driver sources in future ion beam inertial confinement fusion sysiems. In addition, magneti-
cally insulated, coaxial vacuum feed lines’® form an integral part of pulsed power systems for a wide
variety of applications. Clearly, a computer code capable of predicting current flow in coaxial systems
for realistic values of operational parameters would be a valuable tool. At the present time the only
relativistic, two-specie, cylindrical geometry, theoretical formulation using cycloidal electzon orbits is
that of K. D. Bergeron.' Its foundation rests on the steady-state magnetic insulation model formulated
independently by Sudan and Lovelace.”' and at about the same time by Ron, Mondelli, and Ros-
toker.!! In this model, electrons form a cloud near the cathode in which each electron traces an indivi-

dual, single-arc trajectory which begins and terminates on the solid cathode surface (See Fig. 1.) All of

these electrons see the full steady-state, self-consistent electric and magnetic fields during their entire a
orbit and all orbits are identical. There exists a competing magnetic insulation model formulated by
Antonsen and Ott'2 and foreshadowed in the work of Creedon'’ and Buneman.'* This model assumes
that all eiectrons in the cathode sheath have been emitied from the cathode surface onto electrostatic §
equipotential contours during an adiabatically rising diode voltage pulse. In the equilibrium state. they 3

E x B drift along their respective contours in a Brillouin'* type flow, never again intersecting the
8

cathode (See Fig. 1). This formulation is based on a vanishingly small Larmor radius approximation.

The cylindrical geometry E x B drift model has recently been treated by Swegle and Ot.'*

Manuscript submitted on September 9, 1981,
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Fig. | — Two models for magnetically insulated electron flow: large orbit flow
(feft) and small farmor radius or Brilfouin flow {right).

Both equilibrium models have equal physical validity. When applied to a given problem, they
have led to very similar solutions,!” however, stability properties could differ considerably. No
sufficiently extensive analytic comparison has been performed on both models to justify the exclusion
of one or the other for specific parameter ranges. However, there are conceptual weaknesses regarding
the initiation of Brillouin flow in coaxial geometry. Certainly it can be postulated that appropriate injec-

tion mechanisms can be experimentally contrived, but this is not very satisfying when faced with the

analysis of a general, uncontrived device. In addition, for the case of a radial diode with strong B,
insulation, the E x B drift is axial. In time, this would deplete any initia! Brillouin electron population.
Injection and replenishment problems do not exist for the Sudan and Lovelace formulation. For that
reason, it was chosen for use in this analysis. In reality, it seems probable that some mixture of the
two distril;utions exists in magnetically insulated coaxial lines with the Antonsen and Ott picture dom-

inating early in time and progressively giving way to Sudan and Lovelace electrons later in the pulse. A

number of computer simulations have been conducted which seem to support such a picture. '

e o e
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. THE THEORETICAL MODEL

Cross-sections of both polarity types of the coaxial geometry treated in this analysis are depicted

in Fig. 2. Unless otherwise stated, the central conductor is assumed to be the cathode in the following

discussion. The analysis for the case of a central anode is identical except for magnetic field boundary .

conditions discussed at the end of this section. The major assumplions of the model are as follows:

(1) All emitted electrons are confined to an azimuthally symmetric electron sheath of radius, rg.
and execute identical single-arc trajectories out to that radius. The magnetic insulation field, B,
moderately exceeds the critical insulation field (defined as that field value at which electron orbits just
graze the anode surface), so that rg < r,, where r, is the anode radius and the critical fields are

defined as

moc? 2r, 5
(B) i = 2_"-2— VU +2U,.,
and

moc? 0.2~7/U¢ + 2V,

(B) e =

e r )
r,21In [—l
r
Here r, is the cathode radius and U, is the diode voltage multipled by ¢ 7
mg¢

(2) The time-scale is such that the self-magnetic fields do not significantly penetrate the anode

and cathode surfaces.

(3) The electrons are treated relativistically and the ions nonrelativistically (a reasonable approxi-

matior -~ voltages below 10 MV).

{4) The ion current is strictly radial. This implies no significant ion contribution to the self mag-

/ m
netic field. (The angular deflection suffered by an ion is on the order of _ﬁo_ —BA- radians.
0 crit

Therefore, even if B = 48, an ion would experience less than 0.1 radian deflection.)

—~ o hean SO AN KA 1
)
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ELECTRON
CHARGE CLOUD

ELECTRON
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M

Fig. 2 — Coaxial, magnetic insulation geometries of the negative polarity (10p)
and positive polarity (bottom) types.

ity i 2 8

One characterizes the electron (ion) beam by a velocity v (V), charge density n(N), and current

density j = nv(J = N¥). Conservation of relativistic electron energy requires that

ymye? — e¢(r) = mycl, )

-1/2
2
v . .
where y = ll - —zl . Conservation of canonical momentum demands that
c

Y moVy — %A,, =0, (2)

where the Il subscript refers to the £ x B direction. Finally, conservation of ion energy states that
VI 3‘
V, = 2e (60— &, 3) §
M, i
where ¢, is the imposed diode voltage. Continuity of diode current flux provides two additional con- i

stants, F = r|J,| and f = ~r|j,|. Employing all of these relations allows one to reduce Poisson’s equa-

tion and Ampere’s law to

V2 (r) = i‘;"- 2

il

and

(v x (6 X Z(r)))"=—4ﬂ'

r

;%'VL }Vu- (5 9

e o
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The factors of two for the electron flux terms reflect the presence of both radially inward and radially
outward components to the electron current in the electron cloud. This doubling of the electron flow is

specifically mentioned by Bergeron if Ref. 1; however, it is not present in his Egs. (35) and (36).

Numerical considerations encourage the substitution of appropriately scaled dimensionless vari-

ables in place of those appearing in Egs. (4) and (5). Following Bergeron, the terms employed in this

analysis are U = € -, W= Lz A, lor W= - s 3 A_ for an azimuthal insulating field}, and
moc” myc my¢
_ 4 My . . . .
\ = B - }F|. The electron flux term is modified by the additional factor of iwo mentioned
0 0

above, giving A = ‘87" |fl. A significant modification to Bergeron's treatment can be found in the
0

. . . . eBy .
new scale chosen for the independent radial variable. It is here defined as p = 3 where B, is
moc

chosen to be some typical magnetic field strength. In contrast, Bergeron scales r to the electron gyrora-

dius in the presence of the magnetic field at the cathode surface. Such a scaling provides one with a

simple boundary condition for the first derivation of W at p_, namely (2—::/ = |. However, the
V=g

value of B at p = p, is known a priori only for the case of an azimuthal insulation field with the cathode
as the central conductor. In addition, the possibility of the magnetic field sirength approaching and
even equaling zero at the cathode surface for the other cases cannot be discarded. Such an eventuality
would make nonsense of any solutions using Bergeron’s scaling and may, at least in part, explain the

lack of closed solutions Bergeron noted in some parameter regimes.

Given these definitions, Egs. (4) and (3) reduce to

pd2U+gg= AMl+U) A ©)
dp?  dp  JUP+2u-w? JU,-U’

and

&AW . dw AW w
LA LA + , (N
ap? " dp U r20-w b

r— -

T ————

—

}
i
i
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with € = 0 for azimuthal insulation and € = | for the axial case. The boundary conditions for axial

insulation are

Ulp) = Wip,) = %L -0, (8)

€

at the cathode while at the anode

= 0. 9)

The conditions governing the first derivative of U follow directly from the assumption of space charge
limited, Gaussian emission at both surfaces. (However, if an equilibrium solution is sought for which
A = 0, then the value of the electric field at the anode cannot be assumed to vanish.) Such an emis-
sion mechanism in turn presumes a sufficiently dense plasma to exist at both surfaces. We now have a
set of two second order equations in U and W, with two additional unknowns, A and A. Six boundary
conditions are therefore necessary for a solution. In addition to the five conditions stated in Eqs. (8)

and (9), for the case of axial magnetic insulation, the final condition results from conservation of the

magnetic flux,

oy=fB-daa=f- i &
over a fixed cross sectional surface area, S, enclosed by the line contour, C. Specifically, it is assumed
that the insulating B-field is present before emission begins and that any diffusion of the field into the
electrodes is insignificant over the time scale of the voltage pulse. For the case of an initially uniform,

axial insulating field, By, which is taken as the scaling field for p, this condition implies

2 2
Pa~ Pc
Wipg) = . (10)
P4 2P‘

On the other hand, for an azimuthal insulating field, magnetic flux is not conserved. In place of

Eq. (10) one is given the known magnetic field strength at the surface of the central conductor,

e - e p——— o
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where B, is in gauss, R is the radius of the central conductor measured in centimeters and /,, is

the current in amperes flowing through the central conductor. Therefore, the final boundary condition

for the azimuthal field case is simply

aw B. .
- Zoe 2
7 M » (12)

where B is the arbitrary scale field and p,,. may be either p, or p., depending upon the geometry

b -

chosen. (When B, = B,  and p., = p,, this reduces to Bergeron’s boundary condition.) For the case
of a magnetically self-insulated vacuum feed line, the value of /.. is a known (or at least independently
derivable) quantity. On the other hand, /.. is not known a priori for a radial diode. In this device. the
central conductor current will generally be a function of the axial dimension, z. Furthermore, the total

current, /.., flowing through the diode will be entirely due to ion flow through the A-K gap and will be

given in statamps by

]

(3

{'Bo 2”]0
I‘._L = 21TL['E- -\ ’ /Mn \

where L is the axial half-length of the gap. In order to clarify the distinctions between the axial versus

=27 lrlL,

(13)

the azimuthal boundary conditions and unknowns, they are grouped accordingly in Table 1. {

. For both cases, the numerical integration of Egs. (6) and (7) begins at the cathode radius. p .
For a configuration with B. insulation, values are guessed for A, \, and W'(p ). Then U, U’ and W
are integrated out to the anode radius and their boundary values are compared to those given in (9) and |
(10). Repeated guesses for A, \, and W'(p,) are made until a match-up at p4 is achieved. For B,
insulation with the cathode as the central conductor, an additional starting condition is given in the
form of Eq. (12). This simplifies the problem considerably. Only the two anode conditions given by
Eq. (9) must be matched and only values for A and \ must be sought by iterative guesses. Finally. for ,

the azimuthal case with the anode as the central conductor, the guessed parameters become A, W’(p ).

and /... The three conditions which must be matched at p, are now given by Eqgs. (9) and (12). It .'
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Table 1. Matrix of Knowns, Unknowns, and Boundary Conditions.

A
- Insulating B-field Type AXIAL 1 AZIMUTHAL
i
Relative A-K Positions either cathode inside § cathode outside
Ions Present ? Yes No Yes No Yes No
Input Parameters (Bz)o (Bz)0 L Ic.c. L xc.c.
Input p= Guesses Ja J, J, W' Js d J J, J j, W
PT P and W' ’ ’ and W' ’
: Qutput Quantities to
1 be matched at P=pp u, u', U. W L U v, u', U, W
and at p= pg and W and W
Universal Input ras Tor 9g LAZ, LCIN, and LIONS
Universal Output Radial Profiles of ¢ and B
where: ra (rc) = anode (cathode) radius in centimeters,
o A-K potential difference in volts,
(Bz)o = imposed insulating axial magnetic field strength in gauss,
L = axial length of A-K gap in centimeters,
Ic c. ° current flowing in the central conductor in amperes, and
J (J) = electron (ion) current density at cathode in amp/cmz.
*
L3 will be shown in the next section that analytic solutions are available for the region between p, and pg.

This allows for numerical solution matching at pg instead of at 4, with a considerable gain in accuracy.

A problem arises when solutions are sought for radial diodes in which both axial and azimuthal
magnetic insulating fields are present. If no B, is imposed in the A-K gap. then only pure azimuthal

insulation is possible and no conflict can arise. When an axial insulation case with ion flow is being stu-

died, however, it is inevitable that a B, be generated as well. The strength of this B, in the A-K gap
can be predicted directly from the value of \ obtained in the pure B. solution. If this field strength is
comparable to or greater than the imposed B.. the numerical formulation presented here has more lim-

ited value for predicting actual diode operating characteristics. (See Appendix B.)

e —————— e e e+ = e y . ot Ut -
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lil. THE COMPUTATIONAL FORMULATION

As previously stated, the solution of Egs. (6) and (7), combined with the boundary conditions in

Eqgs. (8) and (9], will be carried out as a three-parameter "shooting" problem. Values must be guessed

N W . . -
for A, A\, and %;)— and the equations then integrated from p,. to p,. The correctness of a given
[

guess is determined by the accuracy with which generated function values maich with known solutions
at p4 and ps. In undertaking the numerical integration of Eqgs. (6) and (7), special atiention must be
paid to three separate values of p at which certain terms on the right hand side become singular.
Specifically, the denominator of the electron current term vanishes at p = p,, since both U and W are
defined to be equal to zero there. It also vanishes at the electron sheath boundary, p = py, as would be
expected, since this quantity represents the radial component of the electron velocity. The final singu-
larity occurs at p = p, where the ion current i€; 1 in Eq. (6) becomes infinite. Brute force numerical
procedures cannot cope with integrations in the neighborhood of these singular points. Instead, analytic
treatments expanding about the singularities produce approximate explicit solutions valid in the patho-
logical regions near p,_ and pg. This technique provides the numerical quadrature with tractable starting
values at p = p, + Ap. The numerics may be relied upon from that point up to about p = pg — p at
which radius another analytic approximation advances the solution 10 pg. Beyond that point, A equals
zero. Equations (6) and (7) have straightforward analytic solutions spanning py < p < p, which can

w . .
be used to accurately advance U, W [or %—‘-)—] and -‘(—;—l—j- at p = pg oult to the anode radius. In this
P

manner, the numerical singularity at p = p , need never be faced directly.

The numerical solution of Eqs. (6) and (7) begins with the derivation of an explicit functional
expression for the radial variations of U and W in the immediate vicinity of the cathode surface. For
p = p.+ rwhere r << p, the equations can be expanded and solved in terms of a triple power series

with solutions

n

+ |

.

n MY "
+ ¥ a5 l—f—] : 14

p(' n=0 e n=0 [

443 o
r @ |_r
g z a, I

Uv=|L| ¥ a0 |
7] 5[5

n=0

e ———

T Ty res- o g e pren

T e e

L o
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4/3
r

P

r

P,

"4 "+

2 b(‘/l)

n=0

513 o ]
T 555 I”LI . 15)

n=0

E b(l)

n=0

Pc Pc

Straightforward calculus and aigebra may then be used to isolate the leading order terms,

1/3
2 Y3 bip? 9Ap, 2
ye3(22ect | +f_pf_-_L2_’_, (16)
2| 4 P 20 2002 || pe
and
173 43
2]
W (=D a1 - L —] l —’-] I an
2 P
) .
where the term b, = ) is presently unknown and where the solutions are only valid for
0
40 [10 Ve 9
; < Min l I l A’“ e 2b‘.3p3 . (18)

Equation (18) places an upper limit on the initial step size. All but the ion term in Eq. (16) had
been predicted by the leading order terms of an expression due to Goldstein'® which correcied the
Child-Langmuir emission law to include transverse magnetic field effects. The first derivatives of equa-

tions (16) and (17) are simply

1/3
v o U = av = 3 r w3 a2 9N
v dp dr 2l4 PcZ] AT 10 b = U:/z ' (19)
and
= ﬂ - L e+l _r 3
W= dp ar =D+ 1 Y + = n (20)

For purposes of the overall numerical quadrature of Egs. (6) and (7), the gap region between p. and
p4 is divided up into some predetermined number of identical, one-dimensional cells of width, Ap.

The above approximations are used to advance the solution of U, W, U’, and W’ over the first Ap away

from the p = p, singularity point.

The bulk of the remaining numerics is accomplished using a proven predictor-corrector scheme.
Unfortunately, this scheme requires a knowledge of functional values at four prior spatial steps in order

to advance an additional Ap. In order to obtain those additional values at the start of the integration, a

10




‘J NRL MEMORANDUM REPORT 4654

fourth-order Runga Kutta scheme is employed.?® For this, as well as for the predictor-corrector, the set

g ' of two second-order D.E.’s is reduced to a set of four first-order D.E.’s as follows:
|
: U=, (21)
All + U) \ X '
N — -~ =, (22)
pvS pJ Uy = U P
W =Y and (23)
AW w Y
Y=+ = - —, (24)
IS p? p
where S = U? + 2U — W2 Each expression is then in the form » = Jolp U W.XY) and can be
i advanced one Ap at a time using the standard R-K approximation,
: ]
| ‘ Nasr =M, + Z(k,,\ + 2kgy + 2ky + kpa).
|
- where

. knl = Apfn(pn'unru/n'Xn'yn)'

k'r]2 = Ap.fn(pn + "I'Ap,U,, + _I-kb'l. wu + %kwl- ),

2 2
kﬂ3 = Ap.f,,(l)n + %AI)’UN + %kUZ' W» + %kwl' . ')'

kvrl = Ap,n("n + AP.U,, + kUJ'WM + kW}’ b

Thereafter, the Adams-Bashforth-Moulton predictor-corrector scheme?' advances the variables in a

{WO-step process:

A , . . .
(7)n+l)predicled =7, + ?4&‘55’7:1 - 59":;—! + 37nn<2 - 97’::—3)-

and

A ) ’ . N »
(77»+l)correcled =7, + _2'4L 99,4 + 199, ~ SNyt + M)

where 7,,; has been calculated using the predicted value for n.+1- An error check is accomplished by
monitoring the magnitude of |(~r;,, - nJ/n,| where M, and n, are the predicted and corrected values of

7. respectively.

The above predictor-corrector process is continued until the electron sheath radius, py. is reached.

At that point, another analytic approximation must be found in order to correctly advance the function
values past the numerical singularity there. This is accomplished by expanding Egs. (6) and (7) about

ps in a power series. One may writep = pg — r, U = Ug + U and W = Ws + W where




—————— .
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ps>>r>0,

U=aogr™ +a;r™ +ay™+...,

W= borﬂo + b,rﬂ' + bzr‘32 +...,

and
U +2Us - Wi=0.

Equations (6) and (7) can then be expanded and solved. The leading terms of the solutions are

U= Us+agr +ar’?+ ayr?, (25)
and

W= Wg+ bor + byr¥'? + byr?, (26)
where

201 + Ug)ag — 2Wsby > 0,
an( + Uy)
T 3051201 + Uglag — 2Webgl"?"
a\ W
T 3ps21 + Ugdag — 2Wsbgl "2’
(ag — A/ (Ug— Ug)V?)

a;= .
2 2ps

a)

b

and

(bo - € Ws/Ps)
2ps .
As is obvious from Egs. (25) and (26), the coefficients a, and by are merely the negative first deriva-

b2=

tives of U and W, respectively at pg ( ie., ag= — Us = — X5 and by = —Wg = — Y5). Having used
5 Egs. (25) and (26) to obtain Us, Ws, X and Ys. the numerical integration of Egs. (6) and (7), with A
now set equal to zero, may resume. In the RADBER code, however, explicit analytic expressions are

used to match all functions of interest at p; from the known values at the anode radius.

Beyond the electron sheath radius, the key deterministic equations for the electrostatic and mag-

netostatic potentials become

FU, VA

+ —_— 27
P dp2 dp Ug- U @n
and
W . dw 4
—_— — = —,
: 12
!
|
—_— 1 N — oz S LY G g

s e -
LA+ G
T . .
‘ " o
sy e o ad) AT s Rl
X
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Equation (27) takes the same form as the equation treated by Langmuir in his 1913 paper?’ and later
treated in greater depth for coaxial geometry in a subsequent paper by Langmuir and Blodgett.’ The

solution to the equation is therefore
9 3 .
U= U, - lz pB’A) (29)

where 8 = X4,y"and y = In ‘—2—] The first 14 values of the coefficients, 4,. are listed in Blodgeit’s
Pa

paper. Knowing the values of U, \, p,, and pg, a value for Us may be calculated using Eq. (29).
This value is then compared to that found via the numerical integration of Eq. (6) out from p,. The
closeness of the match is used to measure the accuracy of the original set of parameter guesses. For

the case where \ = 0 (i.e., no ion flow) Eq. (27) becomes

d*U dU
P T =0 (30)
with solution
U= Ug + Xspg In [;&] (31)
s

and the same matching procedure for Us may be carried out. Similarly, the solutions to Eq. (28) take

the form

Ws — ﬂl £ + f_".’ e=1
Ps ) Ps »

W= (32)

Wy + £1
s aozln[psl €e=0

. . N l .
Matching the solutions for the first derivatives at p = p¢ demands that ag; = 3 (W;pg ~ Ypd) for the

e = | case and ag, = Yspg for the € = 0 case. Equations (29), (31), and (32) may be used to obtain
values for Us, Xy;. W, and Y¢ in terms of known guantities. Depending upon the specific
configuration under study, some subset of those four values (see Table 1) are maiched to the
corresponding values on Lhe cathode side of the electron sheath boundary as obtained from Egs. (25)
and (26). The closeness of that fit at p = pg of the 1wo sets of solutions forms the final, most accurate

test of the validity of the original parameter guesses.

13
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IV. APPROXIMATE ANALYTIC SOLUTION

For the case of low voliages and with geometries whose anode-cathode gap is much smaller than
the radius of the outer conductor, complete, approximate analytic solutions can be obtained by match-
ing the analytic solutions near the cathode given in Egs. (16)-(20) with the solutions valid near the
electron sheath radius given in Egs. (25) «..3 (26). The solutions are matched at p, = (p, + pg)/2 by
requiring that U, W, U’, and B/By,= (W' + ¢ W/p) all be continuous at p = p,. At p = pg the solu-
tion given in Eqs. (25) and (26) is also matched in the same manner with the solution valid for pg <

< p4- There one finds

9 r
U=, l4 L I el I (33)
and
b 2 4
_A[ I L
2 p p
W= , (34)

Ws +paby In l—&] fore =0
Ps

where r = p, — p and b, = B(p,)/ B, Equation (33) is equivalent to the limit of Eq. (29) for r <<
p4. Likewise, Eq. (34) follows from Eq. (32) when ay is obtained by imposing the boundary conditions
at p = p, instead of at p = ps. For € = 1, flux conservation fixes the value of W(p = p,) (see Eq.
(10)) and yields b, = [(p3 — p2)/(p} — pd) — 2psWs/(p2 — pP]. For the azimuthal field case (¢ =
0), on the other hand, b, = Y, in agreement with Eq. (32) since the field outside the sheath is con-
stant. In order to complete the overall solution for this analytic approximation one must also use the
relationship, U + 2Us — W¢ = 0, and also b, = 1 for the ¢ = 0 case. There is now enough informa-

tion with which to construct a composite solution.

For the case where the central conductor is the cathode, one finds that for both ¢ = 0 or 1, an

analytic solution is possible as long as the diamagnetic electron current does not significantly alter the

magnetic field. In this case B, is approximately given by the applied field,

14
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Jod |6 4 (Us/ Uy (36)
Jo 7| Ta- (USZ +2U) 2HUZ + 205
. V2 L1
pr¢ _6 3] £y up? 37
joo 7 (U +2U5)
and
ps — - (U52 + 2Us)|,2 (38)

172
where d = p; —p. and jo = l l L= Qe/m)"? ¢3'*/97(r, — r)2. The sheath potential

needed to complete Eqs. (36)-(38) is defined by the transcendental equation

Us 6d
Up= 51 + —5———71I (39)
v <U§+2Us>”’]

The ion production efficiency of the diode, n = J/{(J + j), can be easily obtained from Egs. (36) and
(37). Plots of Jand pg — p. are shown in Figs. (3) and (4) as solid lines. The validity of the results
becomes suspect beyond edy/m,c? ~ 1. Note that |p, — p | = d << p, was also assumed which
implies these results only apply to large radius structures with small anode-cathode gaps (i.e., large
aspect ratio devices). For higher voltages and smaller aspect ratio devices the RADBER code is needed
since in these cases the simple matching technique used to form the composite analytic solution is no
longer possible. This results from the decreasing range of validity of the expansions used to obtain the
solution. In any case, however, these approximate solutions may be used to provide reasonable starting

parameter guesses for the RADBER code.

10 20 a0 100
0.1 Vo 1o 100
mgc

Fig. 3 — Analytic estimates for ion current enhancement
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Fig. 4 — Analytic estimates for electron sheath thickness

Y. THE NUMERICAL TREATMENT

The RADBER computational package consists of a main core program and four subprograms:
START, PRIME, BOUND, and MATCH. All of these program elements are listed in their entirety in
Appendix A. They are written in a version of FORTRAN compatible with the Texas Instruments
Advanced Scientific Computer.2* Every effort was made to avoid non-standard terminology. Neverthe-
less, the need for minor changes can be anticipated when implementing this code at any other computer
facility. Particularly prone to such changes are the data input/output statements. For that reason, 1/0
formats were left as simple as possible. A particularly strong point of the code is its vectorized format.
This allows for the simultaneous, step-by-step integration of U and W for a large number of A and A
guesses in a "shotgun” fashion. The average cost for the complete integration of Egs. (6) and (7) over
500 steps from p, to p, for a single (A, A, W'(p,)) guess was about $0.025. (CPU rates are over

$900/hour on the ASC at NRL.)

The basic flow chart for RADBER is shown in Fig. 5. In the main program, data input begins
with a choice for the parameter, NDR, the number of radial steps across the anode-cathode gap. The
default value, as shown, is 500. The specific physical and numerical parameters for the problem under

study are fed in through the NAMELIST's, GUESS and GIVEN. For the sake of practicality, the code

16
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Calculate needed constants

K
Select new value of L}
_r dp
Pc
! Subroutine
5 - - ubroutin
Obtain ana]yt1;start1ng values START
Use fourth-order Runga-Kutta to Subroutine
obtain four additional data pcints PRIME
V
Use Adams-Bashforth-Moulten “1¥ .
predictor-corrector to advance Sub;gg;&ne
solutions to anode radigs _J
*' . -
Calculate analytic apgrexi.stions
4 ; - , Subroutine
approaching P from the BOUND
cathode side

b

Printout data for matching at p = Pa
4

Calculate analytic approximations
approaching p = P from the
anode side

Printout data for matching at p = P

!

Fig. § — RADBER flow chart

Subroutine
MATCH

-

accepts guesses for the actual current densities, j and J, at the cathode rather than for the dimension-
less fluxes, A and A. In GUESS, the range of guesses for the triplets, (j, J. W'(p,)) are specified. The
minimum guess for the electron current density is AMIN in amperes per cm.2 A total of NA v"alues of j
are then tried in the program, each one DELA greater than the next. Similarly, there are NB guesses

for J in amps/cm? beginning with BMIN and increasing in steps of DELB. The product NA multiplied

17
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BARKER AND OTTINGER
by NB must equal exactly 100 for the program as presently written. Finally, the slopes of W at the
cathode radius are guessed as some fraction, FMIN, FMIN + DELF, FMIN + 2 DELF, etc., of the
scale magnetic field, B,. There is no limit on the number, NF, of these which can be tested with the
100 (j.J)) guesses under consideration. The significance of the integers, I1, 12, and I3 will be explained

when the QUTPUT section of the program is discussed.

In NAMELIST, GIVEN, the cathode and anode radii are specified in centimeters by RC and
RANODE, respectively. The potential difference between the two electrodes is given in volts by U,.
The scale magnetic field strength, B, in gauss, is arbitrary, but can conveniently be chosen as the
vacuum, imposed field strength for an axial insulation field problem or as the vacuum value near the
cathode for an azimuthal insulating field. The parameter, GAPLEN, is only significant when azimuthal
insulation in a radial diode configuration (i.e., the cathode is the central conductor) is under study. In
that case, it is equal to the axial length of the A-K gap in centimeters. In a similar sense, CURCEN
need only be specified for the case of azimuthal insulation with no ion flow present. It is equal to the
axial current assumed to be present in the central conductor in amperes. The logical variables, LAZ,

LCIN, and LIONS specify the overall nature of the problem under consideration as follows:
a. LAZ = TRUE. implies an azimuthal magnetic insulation fieid,
b. LCIN = TRUE. implies the cathode is the central conductor, and
c. LIONS = TRUE. implies the presence of ion (proton) flow.

Finally, ERROR is a decimal fraction to be chosen as the maximum allowable percentage difference

tolerable in predictor-corrector steps before a given step iteration there is stopped.

RADBER then uses the above NAMELIST inputs in order to calculate constants and parameters

utilized throughout the rest of the program. These set of one hundred guesses for (j.J) are then
aw . . . ,
attempted for each guess of W(p = p.). That is, the entire remainder of the program is cycled

through once for each value of W'(p.). This iteration begins at statement number 400. The 100

18
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integrations from p_ to p, for each (jJ) pair are carried out simultaneously. Quadrature over the first
Ap is accomplished in the subroutine, START, using the analytic approximations of Egs. (16)-(20).
From that point and over the next 4 Ap, fourth-order Runga-Kutta is employed to generate a finite
length string of starting values for the master predictor-corrector scheme. Both here, as well as in the
main integrator, the values for the second derivatives of U(p) and W({p) are calculated via Egs. (6)
and (7) in the subroutine, PRIME. That subroutine also locates the electron sheath radius. p,. by
monitoring the vatue of U? + 2U — W? and finds the effective anode radius for a given (,,J) by pin-
pointing the value of p for which U(p) = U,. The Adams-Bashforth-Moulton predictor-corrector aigo-
rithm integrates "over" p = pg, ignoring any functional discontinuities there. It simply forges ahead in
a brute force manner, setting A equal to zero between pg and p,. For some choices of parameter
ranges, this may lead to serious errors propagating in the quadrature beyond p = pg. For that reason.
the array, IFLAG, stores the integer number of the radial step over which the electron sheath boundary
was encountered. The final test for the validity of the various (j,J.W'(p)) guesses is accomplished

through matching of the potentials and the fields at p = py.

After the predictor-corrector has blindly pushed all 100 integrations out to p = p,, the program
looks back to find the function values at the two data points immediately preceeding each of the 100
respective pg’s. Having stored those values in the COMMON block, FIT, the program then calls the
subroutine, BOUND, to calculate U, U'(=X), W, and W'(=Y) a1t py (approaching from the cathode
side) via the analytic approximations given in Eqs. (25) and (26). Specifically, the lowest order terms
of those equations may be rearranged to yield

Ug=U, , + Xgr +a, rV?, : 40
W= W, ,+ Yor + b r¥2 40

"

where the subscript (n — 1), signifies the function value at the second data point before the recorded
ps. Equation (40) is multiplied by W and (41) by (1 + Us). Subtraction of the resultant equations
leads to the expression

W,,_,(I + Us) - Ws(l + U,,,.|)
XsWs — Yo(l + Us)

r =

19
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but, since U¢ + 2Us — W¢ =0,

, (U +2U09"2 1+ U,_ ) - W, (1 + Uy)
Ys(l + Ug) - X (U@ + 2Ug)"?

Using the known values of U, as reasonable first guesses for Us, Eq. (43) yields a first predicted value

(43)

for r. That value can then be fed into (25) to obtain a corrected value for Us and the process contin-

ued until reasonable convergence is achieved. As written, the subroutine BOUND performs a number

of iterations equal to the integer, ITER, which is a fixed parameter in the CALL statement.

At that point in the RADBER program, a pause is made in the computations in order 1o output
the results of the full integration to p = p,. The format of this primary output depends upon the
p parameters and geometry under consideration as indicated in Table 1. In all cases the guessed values
for jand J (A and B) in amps/cm’ are listed as are the values found for rg and r, in centimeters as
well as the values of the electric potential and electric field at p = p, in volts and volts/cm respectively.

Depending upon the geometry being studied, W(p,) or W'(p,) may be listed along with the value it

must have in a true steady state. The table thus created allows a quick evaluation of the merits of the

(/) guesses tried for the given value of W'(p.). In addition, immediately following that table are

listed complete radial profiles for the electric potential in volts and for the insulating magnetic field in
gauss from p. to p, for the Ilth, 121h, and 13th (J) guesses. These profiles provide invaluatle infor-

mation about how well-behaved the steady state conditions are for typical current density choices.

Having completed those pieces of data output, RADBER moves on 1o a comparison of the func-
tion values at the sheath boundary obtained by numerical integration on the cathode side and by ana-
lytic evaluation in the electron-free region on the anode side. The analytically obtained values are cal-
culated in the subroutine, MATCH, using Eqgs. (29)-(32) along with the values for pg, X, and Y '
obtained in the subroutine, BOUND. These pairs of values to be matched at the sheath boundary are h

tabulated as the final block of output in a given W'(p,) cycle. The table heading clearly indicates which

values should be compared to which (e.g., USl to US2). It is useful to use this sheath boundary

matching to fine-tune (jJ,W'(p.)) guesses after some coarse fit to the chosen parameters has been
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established in the p = p, matching table. The process suggested for this iterative improvement of

guesses is illustrated by the examples given in Appendix B and Appendix C.

V1. CONCLUSIONS

The RADBER computer code which has resulted from the extensive theoretical, computational.
and numerical efforts outlined above stands as a unique tool for analyzing numerous practical, high-
- voliage devices. It provides the experimenter with reliable predictions for electron and ion flow profiles
as well as electric and magnetic field characteristics in coaxial, cylindrical geometry. Appendix A which
follows this section provides a complete FORTRAN listing of the code. Appendix B illustrates the
1 details of how the code is applied to a specific problem and how the iterative "shooting" technique is
used to converge to the correct answer. The device chosen in this first sample case is a simple radial
diode. Its treatment points out the danger of applying RADBER to a mixed axial-azimuthal insulation
field. Finally, the much simpler problem of electron flow in a vacuum transmission line is treated for
three different voltages in Appendix C. The solution has direct application to a power loss problem

experienced in a more complicated coaxial geometry. Taken together, the two sample trecatments

explicitly demonstrate the versatility of the code.
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Appendix A
THE RADBER COMPUTER CODE

[e1+]

Co--
THE RADBER PROGRAM

PARAMETER NDR=750

LOGICAL LAZ,LCIN,LIONS
INTEGER IFLAG(100)
REALX8 R,DR,RC,RANODE

DIMENSION X(100,NDR),Y(100,NDR), XP(100,NDR),YP(100,NDR),URA(100)
& LU(1@Q,NCR), U(19a,NDR), U109, UU(!OO) XX (190),vv(108)

[ ,AC(1ed), BC(100), SCR(lOO) sCB(100° SCC(IOO) SCD(IOO’.

(Y SCE(ICO) SCF(IQO) SscG(1e00), $CH(100)

COMMON ~CCEF/ A(100),B(102),RS(100),RA(100),AFLAC(100),
& R,DR,RC,RANODE, RIHU ue, 80 EBYMC2,EMRAT,C,GAPLEN

COMMON ~SUTTCH, LQZ LCIN, LIO0NS

COMMON /FIT/ untxoa) UN(IOQ) XNC1€0),YH(1€0),UNM1(100),UNML(100),
& XHNM1(100), YNN!(lOO) Rhﬁl(ioa) RSTQR(IGO) USTAR(100) JUSTAR(109),
3 XSTAR(lOO).VSTnR(]OO)

COMMON /ITCHY/ SCRA(100),US5(100),US(109),ES5(100)

MAMELIST /GUESS/ AMIN,DELA,NA,BMIN,DELB,NB,FMIN, DELF, NF, I1,12,13
NAMELIST/GIVEN/RC,RANODE ,Ud, BO,GAPLEN, CURCEN,ERROR, LAZ, LCIN,LIONS

IN NAMELIST ‘GIVEN’ -
GAPLEM, RC, AND RANODE ARE IN CENTIMETERS,
U9 IS IN UOLTS,
BO 1S IN GAUSS,
CURCEN IS IN RMPERES,
ERRCR 1S A DECIMAL FRACTION, AND
LAZ=.TRUE. FOR Al AZIMUTHAL INSULATION FIELD.
LCIiNe , TRUE. FOR THE CATHODE AS THE CENTRAL CONDUCTOR
LIONS=.TRUE. FOR THE FRESENCE OF ION FLOU

O OO0

EXXXLEXXTL SUPPLY NEEDED CONSTANTS XISXTALXTXXRTXLLIRXTLIXRLLRS

SIXINV=1.00/6.00

C=2.997SE19

Pl=3.1416E0 i
ENRAT=SGRT(1.6726E~-24/(2.019.1Q95E~28)) .
EBYMC2-4.8032E~10/(9.1095E-28%CXC)

!
¢ i
gtxttxxxzx INITIALIZE AND SCALE THE VARIABLES SEXXXSIXRXESEXETERXSLERR
gxtt FIRST READ IN THE DEFAULT PARAMZITERS £x2 i

READ(S,G'JESS)
READ(S,GIVEN)

¢
gtli THEN SUPPLY THE SPECIFIC UALUES 3x%

READ(S,GUESS) }
READ(S, GIUEN) 4
ASCRLE =« 8.0 ¢ PI %X RC t 3 059 s (C % BO)
BSCALE = ASCALE x 0.5 L E

RAWODE . EBV(C&*BOXRANODE

RC = EBYMC2XBOIRS

U3 « EBY.CesU0/3.0E2
DRe(RANHCLE-RC)/DFLOAT (NDR)

FACT=DR/24,0

QOOOOOOOOHOOOONOD

© e e ——————— e

URITE(6,CUESS)

¢ URITE(6,GIVEN)

gtt!!GEHERﬂTE THE CURRENT FLUX COEFFICIENTS TIIAITLXTTRALTILIRFAX
DO 2 I=1,hA
AA= (AMIN+DELAZ(I-1))2ASCALE

Do 2 J=1,NB

ACCI+NB2(J-1)) « AR

BC(I+nBX(J-1)) =(BMIN+DELBX(J-1) )XBSCALE
e CONTIMUE

22
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gtltttl!txl CALCULATE CORPECT U(RA) OR UP(RA) SXXITLXITXLXITRLLX
C

IF(LAZ) GO TO S00
U AC» (RANODEX22-RC332)/(2.03RANODE)
G0 TO 5ot
590 IF(LCIN) GO TO Se2
IFCLIONS) GO TO 503
WFAC*B80130.2XCURCENIEBYNC2/RANODE
501 DO S04 1+1,102
504 WRA(I)aUFAL
GO TO se2
503 UFAC-0.0SXEBYMC2ECEBRLGAPLEN/ (EMRATERANODE)
DO S0S 11,100
505 UPA(])eUFACZB(I)
502 CONTINUE

3 c
- g!tt!!ll!t! ITERATE OVER CHOICES FOR CATHODE B-FIELD X8$323X3X33XX23XX1%3

IT-O
409 IT-
;HXN*DELFI(IT-l)

C
IF (LAZ.AND.LCIN.AND. .NOT.LIONS) Fe@.23CURCENSEBYMNC2/RC

DO 1 I-8,109
R5(1)-0.0
RA(1)0.0
AFLAG(1)=1.0
IFLAG(] )0
A(I)eAC(I)
B(I)«BC(I)

1 CONTINUE

¢
CERLXX223%X USE ANALYTIC APPROXIMATIONS TO GENERATE INITIAL ZXX£XIXR3LX%
g:xxxsk:xx VALUES AT RC+DR b 2Pt 30biedtottdseeedeststetsed

ReR+DR
RINV=1.0/R

¢ CALL START(U,X,V,Y,F)
8!28!!!!!! TH ORDER RUNGA-KUTTA FOR STARTING VALUES IXZXLEATRXLLLXEX
DO 4 I-1,4

DO S J-1,100
SCA(J)=DRxX(J,1)
5 SCB(J)=DRXY(J,1)
DO 6 J+1,100
SCC(J)» DP!(X(J 1)+#SCA(J)20
6 SCD(J)=DR¥(Y(J,I1)+5C3(J)%0
DO 7 J=1,120
SCE(J)» DR:(K(J 1)49. S!SC%
)
)

T TR e T A AR T O T e

c

*S)
9.5)
(J)
7 SCF(J)-DPX(V(J 11+2,.535CDCJ))
DO 8 Jet
SCG(J)-DR!(%(J.I)*SCE(J)
8 SCH(J ) *DRX(Y(J, 1I+SCF(J)

c
DO 9 Je1,100
UGS, 191350, I+ (SCALI )92, 03SCC(J )42, OXSCE (JI45CE(J ) ISSIXINY ‘
& VULTHDAUCLTIN(ECBII)+2.085C0(J )+2.0TSCF (J)45CH (1) ISIXIN ;
9 i
F . CALL PRIME(U(L,1),U(1,1),X¢1,1),¥(1,1),XP(1,1),¥YP(1,1),1,IFLAG) ﬁ
DO 10 Je1,100
$CG(J)=DREXO(J, I) !
1 cxo SCHUJ)=DREYP(J,1) H
R «R+0.5%DR Vi
. RINV+1.0/R
DO 11 Je1,100 '
UUCJ)=U(S, 17+0.535CA(d) 4

23
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WitJ)eUd, 1)4+0.535CH(J)
XX(J)-X‘J,I)OO.S!SCG(J)
»

11° YY(J)evi

»
WCJ)=U(J,1)40.585CC(J
CUCJ)IsU(J,1)+0.585CD(J
XX(J)eX(J,1)+0.585CA(J

13 YYWWJ)e¥(J,1)+0.535CB(J

CALL PRIME(UU,UU,XX,YY,S5CC,SCD,1,IFLAG)

1)+0.535CH(J)

¢

¢ CALL PRIME(UU, W, XX,YY,5CA,5C8,1,1FLAG)
DO 12 J-1,100
SCA(J)=DR3SCA(J)

ci& SCB(J)=DR35CB(J)
DO 13 J=1,100

- -

D0 14 J=4,100
SCC(J)=DR2SCC(J)

R=R+3,.52DR
RINV=1.0/R

014 SCD(J)=DR2SCD(J)

DO 1S J-1,100
UUCJ)=U(J, 1)+SCEC])
WU(J)=U(J, 1)+SCF(J)
XX(J)eX(J,1)e5CC(I)
1S YW(J)e¥(J,1)+SCD(I)

CALL PRIME(UY, UV, XX,YY,SCE,SCF, 1, IFLAG)

c

D0 16 J=1,100

R(J, 141)eX(J,1)4(5CG(I)42,035CA(J )+2.025CC(J ) +DRESCE (J) IXSIXINY
16 Y(J,1+1)=Y(J,1)+(SCH(J)+2,035CB(J)+2.025CD(J )+DRESCF (J ) ISSIXINV

c
0‘ CONTINUE

CALL PRIME(U(1,5),U(1,5),%(1,5),Y(1,5),%XP(1,% - ,YP(1,5),5, IFLAG)

¢
CRRRRLRsXERRX SRR ELR IR RERERSIERARTLATLARLLLLLLLLLTRLLR
¢ AT THIS POINT UE HAVE COMPLETE DATA FOR THE

FIRST FIVE POINTS.

€
CREERRLERER AN SR EE R XIS ERNSS55LERSATTLAXAITRRTITRLSEES
gtlt!ttlll THE ADAMS-BASHFORTH~MOULTEN PREDICTOR-CORRECTOR

DO 100 J-6,NDR

X(I,J2e%(1,J=-1)+FACTR(55.03XP(I,J~1)~59.0s%P(1,J=2)
+37,03XP(1,J-3)-9.03XP(1,J~4))
Y(1,0)e¥(I,J=1)4FACTR(55.03YP(],J-1)~-59.0xYP(],J~3)
+37.08YP(1,J-3)-9.03YP(1,J-4))
UCE,J)2U(1,J-1 )4FACTR(55.01X(1,J~1)~59.03X(1,J-2)

+37.02%(1,J-3)-9,0%X(1,J-4))

c
R=R+DR
e RINV » 1.0.R
DO 20 I-1,100
c
£ 3
3
s
LY
20 CONTINUE'

CALL PRIME(U(1,J),U(1,J),X(1,d),Y(1,J),XP(1,J),YP(1,J),J,1FLAG)

gllltttxt! THE CORRECTOR.

cl.l CONTINUE

DO 46 11,100
SCACT)eUCE,J-1 14FACTE(9. 02X (T, J)+19.08X(1,J-1)
[ § ‘5-0!X(IpJ‘al0X(I,J-3))
SCBCI)eU(T,J-1)4FACTE(S.08V(1, J1+19.02v(1,J-1)
-5,03Y(1,J-2)4V(1,J-3))

46 CONTINUE

24
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! DO 30 1=}
'4 X1, J)-X(I 1)0FACT8(9 @EXP(1,J)+19.08xP(1,J-1)
o ] ~-5.08XP(I, J-a)OXP(I.J )
.. Y(I,J)evt(l,4- 1)4FACTR(S, QxYP(1,J)+19.08YP(1,J-1)
| [} -5.03YP(1,J-2)+YP(], 23-3))

30 COMTINUE :

c
! ¢ CALL PRIME(SCA, SCB, X(1,J),Y(1,J),XP(1,J),YP(1,J),J,IFLAG)
8!3!!!!!‘!! ERROR CHECK

1CORR=TCORR+1
IF (1CORR.GT. 1000) GO TO 102
DO 41 I-1,10
SCC(I!-&BS((U(! J)-SCACI /UL, I
41 SCDL)-ABS((U(I, 2 3)-5CBINIANIL I
DO 42 I-
01 3)5ch( 1)
42 UCT,005CB(1)
DO 43 11,100
éS'?cc“’ “LT.ERROR) GO TO 43
43  CONTINUE
DO 44 I-1.100
IF(SCD(1).LT.ERROR) GO TO 44
. GO 7O 101
44 CONTINUE

¢

(100 CONTINUE

o102 CONTINUE ‘
CEX3 USE ANALYTIC FIT AT SHEATH BOUNDARY SZXXIXZXXEITEEITLEITIXIITXX
¢

DRSING=SNGL(DR)
DO 601 1=1,100
xS(;onxggtxa) .GE.(DR3RA(I))) GO TO 603
603 1F(RA(I1).EQ0.0.8) GO TO 600
602 UN(I)=1.0
UN(])e1.0
XN(1)=0.0
YN(IY=DRSING/ABS(DRSING)
UNMI(1)e1,0
UNM1(1)=1.0
XNN1(1)+0.0
YHAL () =YN(ID)
anwx(x) «SNGL(RC)
B GO TO 603
600 IF(IFLAG(I).LE.?) GO TO €02
) UNCI)=U(T,IFLAGCT )~
4" UN(T)=W(I, IFLAGCT)
XNC(IDeX(I, IFLAG(] )~
YN(I)e¥(I,IFLAG(I)
UNMLCT)eUCT, IFLAGC
UNMLCTYeu( I, IFLAGC
xnnx(l)-xtl,ernc(x
YNML1C(1)ev (I, IFLAGCT )~
RNM1 (1 )=SNGL (RCHDRX( I
601 CONTINUE

¢
¢ CALL BOUND(DRSING,AC,BC,U0,5)
gltt SCALE SELECTED VARIABLES INTO CGS UNITS XE3XX32REI2RE2X32

USCA=3.@E2/EBYNC2
RSCA=1.0/(BOIEBYNCR)
DO 210 1-1,100 ‘
ACI)e AC(I)/ASCALE

B(I)e BC(1)/BSCALE

RS(I)=RS(I)IRSCA
RALI)IRACIIZIRSCA
UCI,NDR)=UCL,NDR )SUSCA
YP(I,NDR)=Y(I,NDR)SBO

ﬂvuvw.‘“.‘.‘
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IF(LAZ) GO TO 210
YPCI,NDR)«YP(I,NDR )*U(I,NDR)ZBO/RANODE

cato CONTINUE
} CEX32XXIXILE2E THE OQUTPUT ZEZTLXXXTITIXSLEEXRASEEXALARESETRNSTERSRER

o BCATH « F3B030.001
WRITE(6,999) BCATH
' 999 FORHQT(’I' s77,20%, 'FOR A MAGNETIC FIELD NEAR THE CATHODE OF‘,
i & E18.5,’ KILOGAUSS 1°,//)
. IF(LAZ) GO TO 201 )
URITE(6,1000)
1000 FORMAT(3X,’I’,9X%,’A’, 11X, B’, 14X.‘RS‘.IOX,’Rﬂ'.llx,’t(ﬂh)'
‘DO ;:6‘¥(Rh) 611X.'U(RR)‘,7X,'URA o/7)
200 URKTE(G,lOOl) 1,A4(1),B(1),RSCI),RACI),X(I,NDR),UCI,NDR),UCI, NDR)

& LURA
1001 FORHRT(IX,I3.4(3X.2€12.4)./)
GO TO 2e2
201 IF(LCIN) GO TO 203
UR!TE(S.IOOE)
DO 204 1-1,100
204 URITE(S 1001) I, ACI),B(I),RS(1),RA(I),N(T,NDR),UCI,NDR)
& vP(I,NDR),URACT)
1002 FORHAT(3X,'I’,9X ‘A’, 11X, ’B’, 14X.'RS',10X ‘RA‘,L 11X, ‘E(RA)’
LY X, ‘URA)Y’, 10X, * BT(RA)‘.SX,’BTRQ‘ /)
60 T0 2e2
203 URITE(SE, 1003)
D0 205 1-1,100
205 URITE(6, 1001) 1,A¢1),8(1),RSC(1),RACT), X(I,NDR),UCI,NDR)
1803 FORHAT(&X,'I’,IEX.‘ﬁ’,!SX.’B‘,iSX.'RS‘,l3X, RA’
L CE(RA)’,8X,’U(RR)’,77)
202 CONTINUE

¢
gtl!tt!tt! CALCULATION OF SAMPLE B-FIELD PROFILES
IF(LAZ) GO TO 251
R=RC

DO 2590 I=1,NDR
ReR+DR
RINV=1,0/R
YP(1,1)=(Y(11,1)+UW(I1,1)3RINV) £ BO
YP(2,1)e(Y(12,1)+U(12,1)IRINV) X BO
250 YP(3,1)=(Y(13,1)+4(13,1)3RINV) X BO
GO TO 253
251 CONTINUE
DO 252 I-1,NDR
YP(1,I) » BO & V(11,1
YP(2,I) » BO ¢ v(12,1
‘ 252 VYPQ3,I) - BO x ¥(I3,1

-~

‘ cas:a CONTINUE
- ﬁ"' SCALING OF THE POTENTIAL SS3ZXXXITIXITTTALATILIXSRETXRILL

DO 260 I<1,NDR : |
UCI1,1) = UCI1,1) % USCA ;
UcI2,1) = Ucl2, 1) 3 USCA |

caso UCI3.1) « UCI3,1) % USCA |
URITE(6,1006) 11,12,13

1006 FORMAT(1X,,7777,1X, 'PHT AND I-FIEI.D PROFILES FOR (A,B) CHOICES’,
‘ ! o‘o"x4o » “Nn’ol4o . o’

DO 300 I-1,NDR,2 .
300 URITE(G.!OOS) I,u(lt, 1y, VP(l.I’.U(Ia.I).YP(Z.I).U(!!.X).VP(!,I)

01005 FORMAT(1X,13, 3(3x,2614.5)
L C33% COMPARE VALUES AT ELECTRON SHEATH BOUNDARY ZXSZXXSSTRALRERLX

CALL MATCH(RSTAR,URA,YSTAR,XSTAR,BC) i
VRITE(6.1010) .

[ rm"!&.&'@: SAATE S
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1010 FORMAT(1X,/77/7,1%, ‘RATCHING UALUES AT SHEATH BOUNDARY’,//,
¢ 3x,°1°,9%,°R$’,13X,°UsL-,8X, ‘US2’, 12X, ‘€St ”’,
§ 8X,’ES2’,12X,°US1’,9X, Y51 ,9%, ‘UsS’,77)

¢
g!tt SCALE RSTAR INTO CENTIMETERS XZ23#3SX¥STLXILXSIRIRTISSSS

DO 650 1-1,100
cSSO RS(1)=RSTARCI )IRSCA

DO 700 I-1,100
700 ‘URIYE(6.1004)

- e e veis s

1,RS(Y),USTARC]I), US(I), XSTAR(I),ES(]),
USTAR(1),YSTAR(I ), US(]I)
X

c
IFCIT LT REY Go 0t apl  %s2E12.4),3X, 3E12.4,/)

sTop
END

SUBROUTINE BOUND

SUBROUTINE BOUND(DR,A,B,US, ITER)
LOGICAL LAZ,LCIN,LIONS
DINENSION A(100),B(100),R(100),SCR1(100)

COMMON /FIT/ UNC100),UN(100),XNC1CR),YN(109),UNM1(100),UNNL(100),
& XNM1I(10Q),YNM1(180),RNM1(100),RSTAR(109),USTAR(100),USTAR(100),
& XSTAR(120),YSTAR(139)

COMMON /SWITCH, LAZ,LCIN,LIONS

COMMON /ITCHY/ A1(100),81(100),A2(100),B82(109)

O O O O00HOHOO

EPS+1.0
IF(LAZ) EPS+0.0
Fait,0

. IF(.NOT.LCIN) Fe-1.0

gt!t MAKE ZEROETH-ORDER GUESSES XSEIXTELXTTXSITEXLILXAILIXRILEALERLALE i
DO 1 11,100 .

R(I)+DR i
USTARC(TI)=UNC(])

USTARCI ) sUN(]) b
XSTARCI e XN(]) )

c' YSTAR(I)e¥YN(I) , ;

8!28 ITERATE FOR SOLUTIONS 2X3S32XLERLLLREXRLITRASLENSLERLSRTTLERRE i

i ¢ DO 2 IT-1,ITER .

F. 1 gxxx CALCULATE A1 AND B1 %x3

- DO 3 11,100

A2(1)=F24,03A(1)/(3.0X(R(I)+RNML(1)))
3 B2(1)=FX(2.2USTAR(IIBYSTAR(I)-2. IXSTARC LIRS, +USTARCI)))

: ?g(gg(};‘é%.: @) GO TO 20
p B2(1)e1.0€20
20  CONTINUE

[ DO 4 11,100
. AL(1)e A2(I)IT(1.0%USTAR(T ) I/SORT(BR(I))
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c4 B1(1)e A2(IISUSTAR(I)I/SGRT(B2(I))
Cx83 CHECK FOR NEGATIVE VALUES OF ’‘USTAR’ SESXESSXEXEXEXNLTILLXL
c

DO 30 I-1,100
IF (USTAR(1).GT.0.0.AND. USTAR(I).LT.UB) GO TO 30
USTAR(I)e (1.0E-3)5U0

30 CONTINUE

¢
gt!t CALCULATE R-CORRECTED 33%

DO S 1-1,100
A2(I)- SORT(USTQR(I)!(E O+USTAR(II )
S B2(I)s 1.0 + USTAR(I) -

DO 6 1-1,100

6 RSTAR(I)a (A2(I)E(1.@+UNNL(I))-UNM1(1)2B2(1)) /
s (YSTAR(1)XB2(I) ~ XSTAR(I)XAZ(I))

c

DO 14 I-1,100
14 IF((RSTAR(I)IF).GE.0.0) R(I)RSTARCI)

C
2!!3 CALCULATE A2 AND B2 23X

DO 7 1-1,100
7 SCR!(I)--O S5/7(R(I)+RNM1(1))

¢
DO 8 1-1,100
A2(1)eSCRI(IIX(XSTAR(I)I+B(])/SQRT(UO-USTAR(I)))
8 B2(I)=SCR1(IIX(YSTAR(I)+2.0XEPSIUSTAR(IISSCRI(1))

¢
gt!t CORRECT THE PREDICTED VALUES 33x

DO 9 I=1,100
XSTAR(T)=XNM1(]1)+1.52A1 (1 )18SORT(FIR(I))+2.03A2¢1)ER(I)
9 YSTARCI )=YNML(])+2.58B1 (1 )XSART(FXR(]))+2.03B2(1)2R(])

DO 10 1+1,100
USTRP(I)-UNH!(!)OR(I)!(XSTﬁR(I)-ﬁl(I)lSORT(FtR'I))-ﬂG(I)!R 1)
10 USTAR(I)I=UNMI(1)+R(I)IX(VSTAR(I)-B1 (1)XSORT(FIR(1))-B2(I)ZR(I)

—_—

ca CONTINUE
DO 12 I-%,100
12 RSTﬂR(l)-RNﬂl(l)OR(!)
c RETURN
END
¢
C
¢
g SUBROUTINE PRIME
¢
c SUBROUTINE PRIME(U,U,X,Y,XP,YP,IT,1IFLAG)
¢ DIMENSION $(100),0(100),U(100),X(100),Y(100),XP(100),YP(100)

COMMON ~1TCHY/SCA(100),5C8(100),50C(100),5CD(100)
COMMON /COEF/ A(100), 8(100) RS(IOO) Rﬁ(lOO) AFLAG(100),
&t R,DR,RC,RANQDE, RINV, UO.BO EBVHCE EMRAT, C.GRPLE
COMMON /SUlTCH/ LAZ LCIN L1oNs

LOGICAL LAZ.LC!N,LIONS
INTEGER IFLAG(100)
REALI8 R,OR, RC.RANODE

28
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g!t!l!!ttll FIND THE ELECTRON SHEATH RADIUS SIXZ3XSX3TXXLLXLITELLRRALLS
c

1

3

00 1 1-%
gél;-%.OlU(l)OlU(l)OU(I))l(U(l)-U(l))
IF(S(1).GT.1.0E-8) GO TO 2

S(l)'l.O

A(1)=0.0

IF(IFLRG(I).EO 0) IFLAG(I)eIT
CONTINU

DO 7 1-4,14
SCB(X)-A(!)’RS(I)

DO 3 I-4,
lF(SCB(l) NE 9.0) GO T0 3
RS(1)-

CONTINUE

¢
gtt!ttltttt FIND THE ‘ANODE RADIUS‘’ SEIZEXLTILXTXERTLIXLTIARILARRLLRRS

10
11

12
13

14
15
16
1?7

DO 4 1-1,100
IF(UCI).LT.U®) GO TO 4
A(])-0.0

B(1)-0.0

AFLAG(1)+0.0

R

CONTINUE

DO S Ie4,100
SCA(I)AFLAGCI JoRA(T)

DO 6 1-1,100

IF(SCA(T). NE 0.6) GO TO ¢
RA(I )R

CONTINUE

DO 1€ I=1,100
sca(xa- 1.0/SORT(S(I))

11 100
SCB(!)-R(I)!SC&(I)
D0 12 [-3,100
XP(I)-S’B(!)!(I.O#U(X’)
YP(I)eSCB(I)ZU(])

1¢0
IF(SCA(1).GT.0.0) GO TO 14
SCA(])=1.0
CONTINUE
DO 15 1-1,100
ggc:g)'l O/SORT(SCQ(I,)
SCQ(I)‘XP(l)-'(I)‘SCC(I)

IF(LAZ) GO TO 19

DO 18 1-1,100
SCB(13=SCBCII+AFLAGCIISUCIISRINY
CONTINUE

DO 20 I-1,100

SCC(1)*SCALIN~-X(])
SCD(1)=SCB(I)-Y(I)

D0 21 I-1,100

XP(1)+SCC(IISRINV .
YP(1)+SCD(I)IRINV

RETURN

—— g i -
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SUBROUTINE MATCH

SUBROUTINE MATCH(RSTAR,URA, YSTAR,XSTAR,BC)

LOGICAL LAZ,LCIN,LIONS
REALS8 R,DR,RC,RANODE

COMMON ~/COEF~/ A(lOO) B(100),RS5(169),RA1100),AFLAG(100),
R,DR .RC, RﬁNODE RXNU.U .BO

COMMON /SVITCH/ LAZ, LEIN

COMMON /ITCHY/ SCﬁ(lOO) SCB(IOO) §CC(100),5CD(100)

DIMENSION RSTAR(100),WRA(100),YSTAR(100),XSTAR(100),
[ 3 BC(100), RAT(lOO) RATINV(100), 0(100) BETA(100),
Y BETAP(100)

g!t! DETERMINE NEEDED CONSTANTS ZE3L3XSEXXATITAXTTTXSTLALLRLR
[~

RASING= SNGL(RRNODE)
DO 1 I-1,100
RAT(I)-RRSING/RSTAR(I)
G(1)+1.0
DO 2 I-1,100

2 RnTlNU(j) 1,0/RAT(1)

DO 3 I-1,100
IF(RRTINU(I) GT.0.9) G(I)=ALOG(RATINU(I))

3 CONTINUE

81!8 MATCH THE MAGNETIC VARIABLE SX23XXXTTXTLXXLLEARLXRANRLRL
z IF(LAZ) GO TO 4
S 28ﬂ?!)- a‘ogURﬁ(I) = YSTAR(I)IX(RASING-RSTAR(IIRATINU(IY)
?g(gﬁfll).ﬂg 1.0) GO TO 7

GO 70 6
Z SCB(I) = SCA(1)/ (RAT(I)+RATINV(I))

O OCONONHOO

CONTINUE
. ¢o 10 8
4 CONTINUE
DO 9 11,100
S SCBUD) < TURACIIRAT(I)/B0
;B ConTIne f

C!i! MATCH THE ELECTRICAL UARIABLES ZIIXXLXLEXXXLXTLXLXXXLLARRERRE
IF(.NOT.LIONS) GO TO 20 I
DO 10 I-1,100 !

BETA(I) = G(II®( 1.0 =~ G(IIX( 0,400 - G(I)8( 9.1666E-2
& = G(INE( 1.4242E-2 ~ G(1)8( 1.6793E-3 - G(I)2( 1.6122€-4 f
- G(Ist 1.29355-5 - G(I)2C 8.8769E-7 - G(I)R( S, 4619:-8
& - G(I)X( 2.9484E-9 - G(I)&( 1.3603E-10 - G(I)2( 7.1101E-13
& - GII)X( 2.6644E-13 + G(I)T 1.2526E-15))1))))))IN))
10 CONTINUE :
DO 11 I=1,100

BETAP(I) = ( 1.0 - G(I)%¥C 0.8 ~G(I1)3( 2.75E-1 - G(1)%¢(

- ——————

& 5.6968E-2 -~ G(1)X( B.3B64E-3 - G(I1)X( 9.67I3E~-4
& -~ G(1)8( 9.0544E-5 - G(1)%( 7.1015€-6 ~ G(I)X( 4 9!57!-7
& - G(I)X( 2.9484E-8 ~ G(I)x( 49635-9 - G(I)x(¢ 8,5321E-12
8 - G(I)X( 3.4637€E-12 + G(])x 75365-14)))))))))))))/RST&R(!)
11 CONTINUE 4

30
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gcg;!: UO -~ (ABS(9.03RSTAR(IISBETACI )SBETA(I)ISBC(1))/74.0)
23(2.073.0)
DO 13 I-4,

100
S$CD(1)e -(2 9/3.0)8(U0 - SCC(I))%(1.0/RSTARCI)
2.03BETAP(I)/BETA(L))
CONTINUE
DO 15 1-1,100
IF(RQT(I) GT.0.0) G(I)=ALOG(RAT(I))
DO 16 1-1,100
SCC(I) « U0 - XSTARCIDSRSTAR(I)SG(I) _
RETURN

END

3
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Appendix B

SAMPLE SOLUTION FOR A RADIAL DIODE

In order to provide an example of the iterative "shooting” technique solution process, the radial

diode depicted in Fig. 6 was modeled. Two megavolt operation of such a geometry should make the

case interesting to those in the light ion beam research area. The desired configuration was specified by

the following choice of variables:

b.

LAZ = FALSE,,
LCIN = TRUE,,

LIONS = TRUE,,

. RC = 5.0,

RANODE = 5.5,
U@ = 2.0E6, and

B2 = 2.0E4.

As for the numerical factors, NDR was left at 500 and ERROR was chosen as 0.02.

lP——3.2cm
—~ 10 |~ L—

g N

Fig. 6 — The radial diode test case
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A quasi-static computer simulation of this diode has been completed?® and the numerical results
indicate an electron current density at the cathode of approximately 3.8 x 10* amps/cm? with a comple-
mentary ion current density of about 1.3 x 10* amps/cm?. Due to the geometric electric field enhance-
ment at the anode surface, it can be assumed that this ion current is too high. In the simulation, the
axial magnetic field strength at the cathode surface was found to go slightly negative. Such field rever-
sal cannot be expected if the electron and ion currents are significantly reduced. Given the high vol-
tages of this test case, the approximate solutions presented in Figs. 3 and 4 do not provide any addi-
tional assistance in choosing reasonable guesses. As a first test for RADBER, therefore, it was decided

to search the following parameter ranges:

(@ (B)cunode ™ 4. 5, 6, 7, and 8 kilogauss.

(b) Ten equispaced values of 2.0 x 10* € j < 4.25 x 10* amps/cm?.
(c) Ten equispaced values of 0.3 x 10* < J < 0.75 x 10* amps/cm?.

In examining the numerical results from the program it is important to note that in cases such as this
where the electron sheath boundary will lie close to the anode surface, the matching of values at p =
p 4 is extremely unreliable due to the sharp discontinuities in U" and W" atp = ps. As a general rule,
therefore, one must perform the matching tests at p = pgs. After good matches are found there, the
corresponding tables for p = p , may or may not add corroboration but they can never be used to over-

rule the p¢ test results. Similarly, the sample ¢ and B, profiles are to be trusted completely only inside

the electron sheath.

An examination of the matching results for this first parameter search yielded, as might be
expected, only a few promising candidates. By far most of the values to be compared at p = p 5 differed
by at least factors of two. From this mass of data, however, the best matches were extracted for
presentation in Table 2. The closest fit seems to be reached for (B,)n= 7 kG, j = 2.75 x 10* and

J = 0.35 x 10*. The next logical search region seems to be:

33
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TABLE 2. SAMPLE RADIAL DIODE OUTPUT

B2 JE JI (USHIN (USHOUT (XS)HIN (XSHOUT (WS)HIN (WsS)out

- P - - P . - - - - - - - - .

5.0 2.5 0.40 .36 3.89 9.55¢ ©.559 3.¢1 65.54
5.0 4.00 0.55 2.95 3.89 0.443 0.688 3.8¢ S5.52
3 6.0 2.70 0.49 2.8 3.76 9.703 0.956 3.7¢ S.es
6.0 3.50 0.45 3.3 3.9 9.532¢ 0.349 4.¢5 5.58
7.0 2.85 .30 3.e3 3.87 9.855 0.612 4.11 S.44
A 7.6 2.95 .35 3.48 3.86 9.772 ©0.694 4.36 S.4
] 7.0 3.5 0.40 3.74 3.85 0.293 0.776 4.63 65.38
8.0 2.50 0.30 3.66 3.73 0.906 0.871 4.55 5.8
WHERE IN THIS TABLE #S WELL AS IN TABLES 3, 4, AND ©:

BS IS IN KILOGAUSS,
JE AND JI ARE IN UNITS OF 10,000 AMP/CMSQ, AND
US, XS, AND WS ARE ALL DIMENSIONLESS.

(a) (B = 6.5, 7.0, and 7.5 kG.
(b) Ten equispaced values for 2.0 x 10* < j < 3.8 x 104
(c) Ten equispaced values for 0.25 x 10* < J < 0.43 x 10%.

The RADBER-generated matching values at p = p provided the results listed in Table 3. The best

i
overall answers seem to be for (B,).n= 7.5 kG, j= 2.80 x 10% and J= 0.33 x 10 For those
parameters, the worst match occurs for Ws. However, the jump in those values of Ws compared to :
" N their neighbors in the table suggests that the program is searching in a sensitive region of parameter

space. Such "sensitivity" often implies that one is close to the correct answer in the search. To further
delineate the correct range, it seems reasonable to check adjacent (B,) ., values. For the third test

search, therefore, the following ranges are chosen:

b (@) (B)ew= 7.25, 7.50, 7.75, and 8.00 kG.
(b) Ten equispaced values of 1.7 x 10* € j < 3.5 x 10*.

(c) Ten equispaced values of 0.25 x 10* < J < 0.43 x 10* i

i 34
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TABLE 3. SAMPLE RADIAL DIODE OUTPUT

BZ JE JI (USIIN (USH0UT (XSHIN tXS)OUT  (WS)IN (WS)HOUT
6.5 2.00 9.2 2.98 3.89 0.790 0.5c6 3.85 5.51
6.5 2.2 0.31 e.81  3.86 0.788 0.63% 3.68 E.42
6.5 3.00 0.39 3.38 3.89 0.628 0.604 4.26 £.50
- 6.5 3.20 0.41 3.43 3.86 0.642 0.73¢ 4.32 .43
] 7.0 2.00 0.29 2.76 3.60 0.350 0.981 3.63 4.95
7.0 2.20 @.31 2.94 3.66 0.860 9.962 3.81 5.03
% 7.0 2.40 0.33 3.09 3.69 0.357 0.9%9 3.97 5.08
: 7.6 2.60 @.35 3.21 3.70 0.341 0.975 4.09 5.09
7.0 2.80 @.35 3.55 3.39 0.732 0.5%59 4.44 5.50
7.0 3.00 @.37 3.60 3.86 9.574 0.658 4.49 5.42
7.5 2.0 .27 3.06  3.67 0.938 0.39@ 3.93 S.o1
7.5 2.20 0.29 3.23 3.71 0.934 0.384 4.11 5.97
7.5 2.40 @.31 3.36  3.72 0.914 0.399 4.24 65.09
7.5 2.60 @.33 3.46 3.71 0.330 0.934 4.35 G.03
7.5 2.80 @.33 3.7 3.g7 @.667 0.0641 4.65 5.43
7.5 2.89 0.35 3.54 3.69 0.835 0.93¢t 4.43 5.03
7.5 3.0 0.35 3.7¢  3.8e @.53¢ 0.734 4.67 S.31

The best matches are listed in Table 4. Clearly the most tantalizing results are those for the 8.0 kilo-
gauss case. For that fixed value of (B,),, a close match for each of the three variables tested can be

found within the given (j,J) matrix. More importantly, all of the matches fall on the line j = 2.10 +

10 (J — 0.27) = 10J — 0.60. Two possibilities suggest themselves, either rthe solution falls on a similar
line for an adjacent magnetic field value or it lies on an adjacent (j.J)-line unresolved by the coarse
mesh but at the same field value. The former alternative will be tested first by examining the same
(j.) mesh for the values, (B,) = 7.9, 8.1, 8.2, 8.3, 8.4, 8.5. The major results are listed in Table 5.

The coalescence of circled solutions indicates a finer scale search in the region delineated by:
(a) (B),n= 83,84, 85, 86, 8.7kG.
(b) Ten equispaced values of 1.65 x 10°< j < 2.55 x 104
(c) Ten equispaced values of 0.225 x 10* < J < 0.315 x 10*

No tabulated results are necessary for this run since a "hit" was scored in the p = p ¢ matching results

for the parameter combination (B,),n= 8.7 kG, j= 2.25 x 10* amps/cm?, and J = 0.275 x 10*

35
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TABLE 4. SAMPLE RADIAL DIODE OUTPUT

(XSIOUT (WSIIN (UWS)HOUT

(US)IN (US)OUT (XS)IN
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For that choice, RADBER found the following: r¢ = 5.445, (Ug),= 3.438, (Us)ou =

amps/cm?.

It is interesting to note

3.381, (Xg);, = 1.104, (Xg)ou = 1.096, (W), = 4.324, and (Ws)o = 4.397.

that the matching at p = p , yielded rg= 5445 r, = 5497 E, = —0.0053, ¢ ,= 2.0 MV, and W, =

5.435. Only the value for W, is significantly displaced from its proper value of 5.600. A final fine-

tuning run is called for not so much to obtain better values for the parameter guesses but rather to

obtain useable profiles for the quantities ¢ (r) and B,(r). For this final run, it was decided to pick:

(B,) s = 8.675, 8.700, and 8.725 kG.

(a)

R Vv -

(b) Ten equispaced values of 2.05 x 10* € j < 2.50 x 10*.

Ten equispaced values of 0.255 x 10* < J < 0.300 x 10

()
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The results of that run clearly indicate a best choice of parameters as [(B,)c, /./)] = [8.725 kG, 22.0

kA/cm?, 2.75 kA/cm?l. For that combination, matching at p = pg yielded (Us);, = 3.306, (Ug)oy =

3.268, (Eg)yy= 1.116, (Es)oy= 1.152, (Ws);n = 4.188, (Ws),, = 4.235, and rs = 5.436 cm. The per-

centage errors in each of the respective quantities are Ay = 1.2%, Ay = 3.2%, and A, = 1.1%. Given
» the 2% error margin chosen for the predictor-corrector, it is mathematically pointless to seek a closer

i match. The radial profiles of the electrostatic potential and axial magnetic field values supplied by

e

RADBER for that chosen solution are plotted in Fig. 7. Note that the nature of the B-field profile is
qualitatively identical to those plotted by Ron, et al., (see Ref. 11). On the other hand, the E-field
inferred from the curve of ¢ (r) in Fig. 7 sharply differs from that cited in the above journal article.

The difference exists because the presence of ions was not treated in Ref. 11. lon emission at the

W

anode surface requires that the electric field strength go to zero there.

!
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Fig. 7 — Profiles of ¢ and B. in the 4-K gap of the radial diode.

These RADBER results represent a very significant departure from the results of the full
DIODE2D computer simulation of the radial diode under study. Instead of a slightly negative B, at the
. cathode surface, RADBER predicts 8.725 kG. Instead of an electron current density of 38 kA/cm?,

RADBER finds 22 kA/cm?. Finally, and most dramatically, we are left with only 2.75 kA/cm? of ion

current density compared to DIODE2D’s 13.0 kA/cm?. These observed differences, hov" ver, may be

attributed to two major causes:
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(1) The electric field near the anode of the actual simulated radial dicde is enhanced due to 2-D dis-

tortions which cannot be modeled by RADBER’s one-dimensional treatment.

(2) The DIODE2D simulation accurately treated the azimuthal magnetic insulation present in the

actual diode as well as the axial one. Given the currents of over a megampere flowing through l
the cathode shank, very large values of B, could be expected. This additional field component
could easily have modified the results of the simple 1-D model by the degree shown. As an addi-
tional reference point, simple Child-Langmuir bi-polar analysis predicts an electron current density
of just under 50 kA/cm? and a corresponding J of 1.2 kA/cm?. It is interesting that both densities

are off by factors of two from the RADBER results but in opposite directions.

In conclusion, therefore, RADBER, has given a reliable order-of-magnitude estimate for the
current flow through the system. It also gives an investigator some appreciation for the degree to which
combined axial and azimuthal insulation can modify a simple axial insulation prediction. Of course,
RADBER can also be used to predict a purely azimuthal insulation result for this same diode in order

to give even more insight into the overall physics of its operation. Such further studies would be valu-

able for specific diode designers.




Appendix C

SAMPLE SOLUTION FOR A YACUUM TRANSMISSION LINE

As part of the NRL Light Ion Fusion Research Program, high power diodes were tested for use as
intense ion beam sources on the AURORA pulsed power generator at the Harry Diamond Laboratory.
For these tests, the machine was operated in positive polarity so that the magnetically insulated coaxial
feed line which transmits the power from the generator to the diode has a configuration qualitatively
similar to that pictured in the lower half of Fig. 2. A significant difference, however, is that in the
actual transmission line the outer conductor is conical rather than cylindrical. The specific geometry is
drawn to scale in Fig. 8 with all dimensions given in centimeters. In recent ion diode runs on this dev-
ice, clear evidence was found that significant amounts of electron current were impacting the outer cir-
cumference of the end of the inner conductor (anode). This could represent a significant loss of power

that could have been usefully applied to the generation of ions in the diode instead. The 250 kiloam-

peres of current flowing through the anode stalk had been assumed to be quite sufficient for generating
a strong enough azimuthal B-field to insulate any electron flow in the line. Apparently it may not be.

The RADBER code can now be used to check the physics of the assumption.

o |
_1 267 | ‘
.- —_—— 4;_ . :
o \mooe i
' REGION ‘
\ I

/ CATHODE
125.7 -l o

Fig. 8 — Modified AURORA magnetically insulated transmission line (MITL)
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Quite differently from the case treated in Appendix B, the solutions at p = pg proved to be

extremely erratic in the immediate vicinity of the true solution. This is to be expected judging from

the sharp discontinuity in the slopes of both the electric field and the magnetic field for this case. On

the other hand, the sharpness of the jumps in j space are a useful aide in pinpointing the solution after,
coarse tuning of the parameter guesses is accomplished through matching at p = p,. For the 3 MV
case, the correct steady state values for rg, j, and (By) ., are 70.51 cm, 3.90 amp/cm?, and 0.689 kG
'f respectively. Similarly, for ¢, = 4 MV, they are 70.33 cm, 4.735 amp/cm?, and 0.677 kG. Finally, for
éo= 5 MV, the corresponding numbers are 70.03 cm. 6.315 amp/cm?2, and 0.663 kG. In Fig. 9 are
plotted the profiles of ¢ and B, near the cathode for all three cases. Notice the pronounced discon-
tinuity in the slope of each B, at its respective electron sheath boundary compared to the relatively
smooth transition of ¢ across the same boundaries. In vacuum, the B, has a simple r~' dependence ‘

while ¢ (r) is proportional to In r.
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Fig. 9 — Profiles of & and 8, for the modified AURORA MITL ' o
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The weakest insulation can probably be expected near the end of the anode stalk where the dam-
age was experimentally observed. Cylindrically coaxial equilibrium solutions will be sought for that
region using RADBER for total voltages, ¢,, of 3.0, 4.0 and 50 mV. Assuming 250 kA of axial
current in the anode stalk demands a vacuum B, of approximately 0.7032 kG at the lower cathode
radius of 71.1 cm. That value will be used as the scale B-field, B,, RADBER'’s numerical variables

must then be set as follows:

a. LAZ = TRUE.

b. LCIN = .FALSE.

¢. LIONS = FALSE.

d. ERROR = 0.01

e. RC =711

f. RANODE = 26.7

g. Uo = 3.0E6, 4.0E6, and 5.0E6
h. B@ = 0.7032E3

i. CURCEN = 2.50ES.

This problem is somewhat simpler than that of the radial diode since no ion current is present. Thus,
only two parameters, j and (B,),,. must be guessed. Similarly, only two resultant parameters, U and
W'=Y, must be matched at p = ps and p = p,. As a starting point for parameter guesses, simple
Child-Langmuir theory predicts about 6.2, 9.5 and 13.3 amps/cm? of emitted electron current density
for ¢9 = 3.0, 4.0 and 5.0 MV respectively. With such low values for j, relatively little departure from
the vacuum B, of 0.70 kG can be expected. This in turn would lead to values of pg very close to p..
Because of that, finer resolution must be used in the numerical integration so that a value of NDR =
750 is chosen. The details of the numerical solution search process paralleling that used in Appendix B
will not be given here. It is sufficient to note that the reduction of the work from a three-point to two-
point shooting problem permitted convergence to a solution for each of the three voltages within three

iterations of guesses.
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These solutions indicate that there is very little to fear from power losses to electron flow in this

feed line. The electron sheathes at the cathode surface are all on the order of only one centimeter
thick compared to a radial anode-cathode separation of almaost forty-five centimeters. The source of the
experimentally-observed damage patterns is now believed 10 be some phenomenon associated with the

plasma erosion switches used near the diode assembly.
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